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1. Introduction
Splitting trees at few vertices into ‘‘small’’ subtrees is a common and useful technique. It can be extended to splitting
graphs with small tree-width; see, e.g., [2,1,5]. Surprisingly, weaker bounds than possible are used often. Here we give best
possible bounds, answering the following questions:
• Given a tree with node weights and an integer s, how can we bound the weight of each connected component if we may
remove s vertices?
• Given a tree, an integer s, and a subset of vertices, called terminals, how can we bound the number of terminals in each
full component (maximal subtree in which terminals are leaves) if we may declare s additional vertices as terminals?
Decomposing into full components is a technique used in many Steiner tree algorithms; see, e.g., [6,4]. For a tree Y and
a terminal set R ⊆ V (Y ), the full components arise by splitting each vertex v ∈ R of degree k ≥ 2 into k vertices, each
inheriting one of the edges incident to v in Y , and taking the connected components of the resulting forest.
Good bounds were known in both cases and are used in many papers. However, the author is not aware of complete
answers to the basic questions stated above.
Notation. For c : V → R and X ⊆ V , we write c(X) = ∑v∈X c(v). For a tree Y with vertex set V (Y ) and edge set
E(Y ), and S ⊆ V (Y ), we denote by Y − S the subgraph induced by V (Y ) \ S. For a tree Y with a fixed root r ∈ V (Y ), and
w ∈ V (Y ), let Yw denote the subtree of Y induced by all vertices x for which the unique x–r-path in Y containsw. Moreover,
let Γ +(w) = {x ∈ V (Yw) : {w, x} ∈ E(Y )}.
2. Splitting into light connected components
Theorem 1. Let Y be a tree and c : V (Y )→ R≥0. For any nonnegative integer s, there exists a set S ⊆ V (Y ) with |S| ≤ s such
that c(V (X)) ≤ c(V (Y ))s+1 for each connected component X of Y − S.
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Proof. Choose as root an arbitrary vertex r ∈ V (Y ). Let 0 < ϵ < 1. Define
nv =

c(V (Yv))
c(V (Y ))
(s+ 1− ϵ)

for each v ∈ V (Y ). Note that nv ≥∑w∈Γ+(v) nw for each v ∈ V (Y ).
Let
S =

v ∈ V (Y ) : nv >
−
w∈Γ+(v)
nw

.
We have |S| ≤ nr = ⌊s + 1 − ϵ⌋ = s. Let X be a connected component of Y − S. Note that X is induced by
V (Yx) \z∈S∩V (Yx) V (Yz) for some x ∈ ({r} ∪v∈S Γ+(v)) \ S. We claim that c(V (X)) < c(V (Y ))s+1−ϵ . As we can choose ϵ > 0
arbitrarily small and there are only finitely many subtrees of Y , this will imply the theorem.
By the choice of S we have nx =∑z∈S′ nz , where S ′ = {z ∈ S : ∃y ∈ V (X) : z ∈ Γ +(y)}. Now
c(V (X)) = c(V (Yx))−
−
z∈S′
c(V (Yz))
≤ c(V (Yx))−
−
z∈S′

c(V (Y ))
s+ 1− ϵ

nz
= c(V (Yx))−

c(V (Y ))
s+ 1− ϵ

nx
<
c(V (Y ))
s+ 1− ϵ . 
We note the following special case.
Corollary 2. Let Y be a tree and R ⊆ V (Y ). For any nonnegative integer s, there exists a set S ⊆ V (Y ) with |S| ≤ s such that
each connected component of Y − S contains at most ⌊ |R|s+1⌋ elements of R.
Proof. Set c(v) = 1 for v ∈ R and c(v) = 0 for v ∈ V (Y ) \ R. Apply Theorem 1. 
This bound is tight for every |R| and s, which can be shown by graphs with a cut-vertex whose deletion creates s + 1
connected components, each containing ⌊ |R|s+1⌋ or ⌈ |R|s+1⌉ elements of R.
The special case of Corollary 2 with R = V (Y ) is equivalent to Theorem 1 of [3].
3. Splitting into full components with few terminals
Let Y be a tree and R ⊆ V (Y ) be a set of vertices, called terminals. A full component of Y with respect to R is a maximal
subtree X of Y in which each element of V (X) ∩ R is a leaf. Many Steiner tree algorithms work well if it is known that the
full components (of an optimum Steiner tree) have only few terminals each. For example, Mölle et al. [4] add terminals to
achieve this. Here we prove the best possible bound.
Theorem 3. Let Y be a tree and R ⊆ V (Y ) with R ≠ ∅. For any nonnegative integer s, there exists a set S ⊆ V (Y ) \ R with
|S| ≤ s such that each full component of Y with respect to R ∪ S contains at most 2+ ⌊ |R|−2s+1 ⌋ elements of R ∪ S.
Proof. We may assume that |R| ≥ 3, since S = ∅ does the job if |R| ∈ {1, 2}. We may also assume that all leaves of Y are
elements of R: if Y has a leaf v ∉ R, then any set S that works for Y − {v}works also for Y .
Choose an arbitrary leaf r ∈ R as root. For v ∈ V (Y ), let kv = |R ∩ V (Yv)|, q = 2+ ⌊ |R|−2s+1 ⌋, and
nv =

kv − 1
q− 1

.
Note that nv ≥ 0 and nv ≥∑w∈Γ+(v) nw for each v ∈ V (Y ). Let
S =

v ∈ V (Y ) \ R : nv >
−
w∈Γ+(v)
nw

.
We have |S| ≤∑w∈Γ+(r) nw ≤∑w∈Γ+(r) kw−1q−1 = |R|−1−|Γ+(r)|q−1 = |R|−2q−1 < s+ 1 and hence |S| ≤ s.
Let X be a full component of Y with respect to R∪ S. Letw ∈ R∪ S be the vertex of X that is closest to r (i.e.,w ∈ V (X) ⊆
V (Yw)), and S ′ = V (X) ∩ (R ∪ S) \ {w}. Let x be the neighbour ofw in X .
J. Vygen / Discrete Mathematics 311 (2011) 67–69 69
By the choice of S we have nx =∑v∈S′ nv . We compute
|V (X) ∩ (R ∪ S)| = 1+ kx −
−
v∈S′
(kv − 1)
≤ 1+ kx −
−
v∈S′
(q− 1) nv
= 1+ kx − (q− 1) nx
≤ 1+ kx − (q− 1)kx − 1− (q− 2)q− 1
= q. 
Corollary 4. Let Y be a tree and R ⊆ V (Y ) with k := |R| ≥ 2. For any q ∈ {2, . . . , k}, there exists a set S ⊆ V (Y ) \ R with
|S| ≤ ⌊ k−2q−1⌋ such that each full component of Y with respect to R ∪ S contains at most q elements of R ∪ S.
Proof. Applying Theorem 3 with s = ⌊ k−2q−1⌋ = ⌈ k−1q−1⌉ − 1, we get a set S ⊆ V (Y ) \ R with |S| ≤ s such that each full
component of Y with respect to R∪ S contains at most 2+⌊ k−2s+1 ⌋ elements of R∪ S. To show that this value is at most q, we
compute
2+

k− 2
s+ 1

≤ 2+

(k− 2)(q− 1)
k− 1

< 2+ (q− 1) = q+ 1. 
This strengthens Lemma 3 of [4]. Finally, we show that Theorem 3 and Corollary 4 are best possible.
For k, q ≥ 2 we define a tree Yk,q with k leaves as follows. If 2 ≤ k ≤ q, then let Yk,q be any tree with k leaves. If
2 ≤ q < k, then obtain Yk,q from Yk+1−q,q by appending q edges at some leaf v of Yk+1−q,q. Now let R be the set of all leaves
in Yk,q. Evidently, a minimum cardinality set S as in Corollary 4 for Yk,q consists of all vertices chosen as v in the course of
this construction. This set has cardinality ⌊ k−2q−1⌋, so the bound in Corollary 4 is best possible.
To show that Theorem 3 is best possible, let k and s be given, and let q = 1+ ⌊ k−2s+1 ⌋. Now Yk,q requires ⌊ k−2q−1⌋ vertices to
split according to Theorem 3, and this value exceeds s.
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